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ABSTRACT 


We examine a 1 parameter class of actions describing the gravitational 
interaction between a pair of scalar fields and Einsteinian gravitation. When 
the parameter is positive the theory corresponds to an axi-dilatonic sector 
of low energy string theory. We exploit an SL(2,R) symmetry of the theory 
to construct a family of electromagnetically neutral solutions with non-zero 
axion and dilaton charge from solutions of the Brans-Dicke theory. We also 
comment on solutions to the theory with negative coupling parameter. 
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1. Introduction 

Among the states of low energy string theory one may identify a massless spin two 
graviton field in spacetime and massless spin one helds describing the Yang-Mills interactions. 
Besides the graviton, there arise also an antisymmetric tensor and scalar (dilaton) field with 
specihc couplings to each other and to the graviton [1], Depending on the topology of the 
compactihcation of internal dimensions there appear further scalar excitations with well 
dehned coupling schemes. The pattern of all these couplings gives rise to new kinds of 
“duality” symmetries that may be used to discover new kinds of dilatonic black holes in 
4-dimensions [2]. In the presence of the U{1) gauge held such symmetries have been used 
to discover electrically and magnetically charged axi-dilaton “black-holes” [3] [4] [5] Such 
solutions tend to hat spacetime when the electric and magnetic charges tend to zero. It 
is of interest to enquire about the existence of electromagnetically neutral solutions with 
non-trivial axion and dilaton charge. 

Since the above symmetries may be expressed either in terms of the geometry of the 
metric of the string graviton or in terms of a Weyl scaled metric (the so called Einstein 
frame) our discussion begins with an action that exhibits a manifest SL(2,R) symmetry. 

We examine an electrically neutral U{1) sector of theory described by the spacetime 
classical action Q = J A where 


A 


^ ^ d(A*dC 

7Z*1 - rj -^- 


( 1 ) 


Here IZ is the curvature scalar of the Levi-Civita connection associated with the spacetime 
metric g and in terms of the real scalar helds A and q we dehne the complex scalar C = 

The coupling parameter g is real and denotes the ratio of the gravitational coupling constant 
to the scalar held interaction in the action. Expressed in terms of A and q 

A = 7l*l — ^dq A *dq — ^^dA A *dA. (2) 

4^2 ^ ^ 4g2 V / 


The action (1) is stationary under g and C variations if 


A *(ea A Cft A Cg) + A^Re{iad ( A *d (* + d ( A ia * d (*) = 0 


( 3 ) 


d*d( 2ir7 , ^ 

V —2 -^ -^dCA *dC 

qZ g6 


0 


( 4 ) 


Taking the real and imaginary parts of (4) and writing in terms of A and q these held 
equations become 


R^"" A*{eaAebA Cg) + = 0 


( 5 ) 


d * 



0 


, , dqA*dq dAA*dA 

d*dq - - - - H- 

q q 


0 


( 6 ) 

(7) 


where the stress forms 


Ta[q] = iadq A *dq + dq A ia * dq 
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Ta[A\ = iadA A *dA + dA A * dA. 

We are interested in stationary spherically stmmetric solutions to these equations. 


2. Relation to Low Energy String States 

The relation of (1) to electromagnetically neutral axion-dilaton held theory predicted by 
string theory can be elucidated by making a Weyl transformation on the Einstein metric: 
g = }^g where A is a positive scalar held. If we denote the Hodge map associated with g as 
-k then for any p-form (3 in four dimensions one easily derives 

*(3 = a2p-4 * ( 3 , (8) 


Thus 


dC A *dC dC A kdC 


q2 \2g2 


( 9 ) 


From the dehnition of the curvature in terms of the metric the curvature scalar associated 
with g may be expressed as 


1 6 

71*1 = Tw^ * 1 + TJ *d\ mod{d) 
A^ 

If we choose = A then the action form is expressed as 

77 — 6 77 

A = gR * 1--— dq A -kdq —A -kdA 

Aq Aq 


( 10 ) 


( 11 ) 


which should be compared with (2). For 77 > 0 we may identify A as the axion held and 
(j) as the dilaton of string theory where q = e~^. In the absence of Yang-Mills gauge helds 
and higher order gravitational and Yang-Mills Chern-Simons couplings we may express the 
action in terms of the closed 3-form H by writing dA = e~^ k H. In terms of (f) and H the 
ehective string action form is then 

A = e“‘^{R * 1 — ad(j) A kdcf) + f3H A kH} (12) 

where a = ^1^ and /d=|so/3 — q; = |. 


3. Consistency with Variations of the String Action 

Before seeking solutions to (5) , (6) and (7) we must verify that such held equations 
can be derived from the low energy string action expressed in terms of the closed form H 
in order to justify the claim that the theories correspond under a Weyl scaling. In order to 
accommodate the closure condition on H we vary the action S[g, q, H, g] = J A' where 


A' 


7Z*1 


Aq‘ 


;dq A *dq — -q^H A *H + gdH. 


(13) 


Since 

gdH = HAdg mod{d) (14) 

the last term in (13) imposes the closure constraint [6]. This action is stationary under 
variations of g, q, H and g if 


R 


A *{ea A Cfe A Cc) + -^Ta[q] + ^Ta[H] = 0 
Aq^ A 


(15) 
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+ T^dqA *dq -^HA*H = 0 
2 q^ 2q'^ 2 

dH = 0. 

Introducing the axion field A with the definition 

q^ * H = dA 

implies 

d*{q^H) = 0 

consistent with (17) while (18) implies ( 6 ) . With the aid of the relations 

2 2 

A*H + H Ala* H} 

T) 71 

= -r^iadA A *dA + dA Aia* dA = -rA^TalAl 
Aq^ Aq^ 

H A *H = - jdAA *dA 


(16) 

(17) 

(18) 

(19) 

( 20 ) 


( 21 ) 


the field equations reduce to (5) ( 6 ) and (7) as desired. Furthermore using (14) and d(/i) = 
in (13) we find 


A = n*i 


71 71 

— ^dq A *dq +-q‘^H A *H mod{d) 


( 22 ) 


4 ^ 2 --' ■ 4 - 

(note the sign of the third term in (13)). Substituting the relations ^ = *H and 
in this we recover the action form ( 1 ) . 


4. Solutions for 77 > 0 

The action defined by (1) is invariant under 


c 


9^9 
ciC + C2 


(23) 

(24) 


CsC + C4 

where the constants cj satisfy C 1 C 4 — C 2 C 3 = 1. If one takes ( real then the theory can be 
mapped by a Weyl transformation to the Brans-Dicke theory [7]. Consequently any solution 
of that theory can be used as a representative of the class of solutions that he on the SL{2, R) 
orbit of solutions solving (5) ( 6 ) and (7). For rj > 0 such an orbit will then give a class of 
axi-dilatonic solutions with zero electromagnetic charge. Of particular interest is the orbit 
described by the metric 


a = -(|^)"“'* »dt + (f - i)"(|^)"“‘ 


93 


with dilaton 


9 = 


A + 1- 


02 


(25) 

(26) 
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and axion ^ = 0. Here we employ isotropic coordinates t, r, 6, tjj and denotes the standard 
metric on in terms of spherical polars r, 9, 'll). This is a particular solution if the real 
constants ai, 02 are constrained by the relation = 1 and ^ ^ where m is a real 

constant. The case 02 = 0, ai = 1 corresponds to the Schwarzschild solution with mass m. 
Writing (j) = — ln(g) we have for ||^|| << 1 


0 = 02 ln( 


e-1 

e + 1 


) 


02 m 

- + 

r 


(27) 


and we identify the dilatonic charge of this solution to be 02 m. New solutions with a non¬ 
trivial axion field can now be generated with the transformation (24) . In particular with 
Cl = cos (9, C 2 = sin (9, C 3 = — sin 6 >, C 4 = cos (9 one hnds 


/ 

Q 


_g_ 

cos^ 0 + sin^ 


(28) 


, 2 smecose((l-|)^) 

cos^ 0 + sin^ 

and a corresponding 

*H' = ^ sin 20 d(j). (30) 

This solution has dilaton charge 02mcos26> and axion charge 02 msin 20. The purely 
dilatonic U{1) charged solutions in references [ 8 ], [9] lie on orbits that intersect this orbit of 
neutral axi-dilaton solutions when the electric (and magnetic) charge is zero. 


5. Solutions for p < 0 

It is of interest to note that for 77 < 0 one may hnd a non-trivial SL{2, R) orbit of 
solutions based on the metric 

2pi 2pi 

g = —e r dt ® dt + e r g^ (31) 


with 


-El 
q = e ^ 

A = 0 


(32) 

(33) 


provided the real constants pi, p 2 satisfy 

Pi + VP2 = 0- 

This particular solution has dilatonic charge p 2 - Under (24) with real cj one generates the 
axion held 




-2 


8 C 2 C 4 -|- 2 ciC 3 e 
dc? + Co 


P2 


(34) 


with axion charge 


16p2 


2C3C4 

(4cl + ci)2 


and dilaton held 





( 35 ) 
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with dilaton charge 


4p2 


2 2 

4-4 


(4cl + ci)2 

The corresponding H held is 

*H' = — C3C4 dcf). 

An interesting feature of this solution is that the curvature invariant 

A ,R^,) = 2e-»/-pj(12r^ -16pir + 2pj) 


is bounded in the region r > 0 with pi > 0. 


(36) 


6. Conclusion 

We have constructed a class of electromagnetically neutral solutions to the axi-dilatonic 
sector of low energy string theory by exploting a series of Weyl transformations and a manifest 
SL{2, R) symmetry of the theory. The theory has been formulated in the “Einstein frame” 
with an arbitrary coupling parameter and solutions examined for both positive and negative 
values of this coupling parameter. We note that the singularity structure of these solutions 
in terms of the Levi-Civita curvature of the Einstein metric may not coincide with the 
corresponding curvature associated with the metric scaled by the dilaton solution. 
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